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The formation of a filter cake during mechanical dewatering (filtration and expres- 
sion) of sludge is studied using one-dimensional nuclear magnetic resonance (NMR) 
imaging of porosity profiles. The experiments clearly showed the formation of a porosity 
gradient during filtration and the disappearing of this gradient during expression, form- 
ing a cake with a uniform porosity. This technique makes it possible to investigate the 
material behavior of the porous medium, which is needed before any model calcula- 
tions can be performed. The results indicate that NMR imaging is usejid in nondestruc- 
tive monitoring of the filtration and expression process of sludge. 

Introduction 
Modeling the liquid transport during filtration and expres- 

sion of sludge, or any other liquid-solid mixture, is of great 
importance for the development of operation rules for me- 
chanical dewatering equipment. Often overall dewatering pa- 
rameters, like filtrate volume, average porosity, or cake thick- 
nesses are compared to model calculations (Willis et al., 1983; 
Tiller and Yeh, 1987; Stamatakis and Tien, 1991; La Heij et 
al., 1994). A more fundamental approach to the test of model 
calculations is to measure the internal structure of filter cakes, 
i.e., porosity profiles. 

Dewatering of compressible porous media can be distin- 
guished into two phases, filtration and expression. In Figure 
1 the mechanisms of filtration and expression are drawn for 
an experiment in a laboratory filter cell with axial liquid flow. 
After a piston is placed on top of the slurry, a cake builds up 
from the filter medium (dL/dt > 0, L is cake thickness). The 
filtrate flows through the filter medium and the ratio of the 
pressure drop across the medium to the pressure drop across 
the cake decreases. As the cake builds up, the hydraulic pres- 
sure at the top of the cake and in the slurry remains constant 
(equal to the constant applied pressure on the piston). Going 
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from the slurry to the cake ( E ~ ) ,  there is a discontinuity 
in porosity. In the cake the particles have contact with each 
other, while in the slurry the particles float in the liquid with- 
out having contact. In the filter cake a porosity gradient is 
formed. This is caused by the decrease of the hydraulic pres- 
sure and the increase of the compressive pressure, which re- 
flects the stress on the particles (and thus the local porosity 
in the filter cake). When the slurry has disappeared (the pis- 
ton has reached the upper cake boundary), the expression 
phase starts and the cake is compressed (dL/dt < 0). During 
expression the piston presses on top of the filter cake, which 
results in a cake compression and a decrease of the cake 
thickness L.  Due to this compression, the porosity gradient 
slowly disappears and finally a uniform equilibrium porosity 
( EJ results. Obviously, the solid matrix changes continuously 
during these phases. The applied filtration-expression pres- 
sure only affects the equilibrium porosity ( E,J and has only a 
small influence on the dewatering rate if the filter cake is 
highly compressible (La Heij, 1994). In Figure 2 a theoretical 
representation of the development of porosity profiles is 
shown. The shape of the profile at the end of the filtration 
phase is determined by the compressibility of the material. 
Highly compressible materials will have a steep profile near 
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Figure 1. Mechanism of filtration and expression (Tiller and Yeh, 1987). 
L is the cake thickness; p ,  is the hydraulic pressure. 

the filter medium, i.e., a relatively dry cake near the filter 
medium. 

Of course, porosity profiles can be calculated by models 
presented in the literature. Generally, however, these models 
are only hypothetical, since the resulting profiles never could 
be checked experimentally in a reliable way. By measuring 
the porosity profiles, the constitutive equations and the con- 
cept of the well-known compression-permeability cell (used 
to simulate the filtration and expression process) can be 
checked or, alternatively, the constitutive equations can be 
determined. Also, the boundary conditions and the basic as- 
sumptions of a model can be checked. 

In most cases porosity profiles have been investigated us- 
ing electrical resistance meters (Rietema, 1953; Shirato and 
Aragaki, 1972; Wakeman, 1981; Chase and Willis, 1991). 
During the measurements iron pins are positioned in the wall 
of the filter cell, which can disturb the liquid flow and cake 
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Figure 2. Theoretical diagram showing porosity profiles 
as a function of time during dewatering, statt- 
ing from a slurry. 
Two stages can be distinguished: (1) filtration, a filter cake 
is formed (dL/dt > 0) under the influence of slurry supply; 
and (2) expression, the slurry has been disappeared and the 
cake is compressed (dL/dt < 0). e0 = porosity at top of the 
filter cake, which remains constant during the filtration 
phase; = final equilibrium porosity. Note that a disconti- 
nuity in porosity is present between the slurry and the filter 
cake. Labeled curves refer to profiles and cake thicknesses 
( L , )  occurring at different times ( t t ) .  

formation. Some investigators studied porosity profiles in fil- 
ter cakes with X-rays (Bierck et al., 1988; Tiller et al., 1990) 
or nuclear magnetic resonance (NMR) techniques (Horsfield 
et al., 1989). Since these techniques are nondestructive, the 
cake structure is not influenced in any way, which is an 
advantage. An additional advantage of NMR is that it 
selectively probes the hydrogen nuclei. Moreover, with 
NMR a distinction can also be made between free and physi- 
cally/chemically bound water. In the present study the poros- 
ity profiles in a sludge filter cake were measured by NMR 
imaging. The profiles are measured during the filtration as 
well as the expression phase, which, to our knowledge, has 
not been reported before. 

Theoretical Aspects 
To model the filtration and expression behavior of sewage 

sludge, attention must be focused on liquid flow through 
compressible porous media. Sludge filter cakes are highly 
compressible, i.e., the porosity of the cake changes signifi- 
cantly with pressure. 

The mathematical formulation of mass transport in filter 
cakes at a macroscopic level is usually based on parabolic 
differential equations. If the gravity is neglected, the change 
of the porosity E in time with respect to the material coordi- 
nate w in a filter cake can be described by a nonlinear 
parabolic differential equation 

In this equation K is the permeability of the cake, 7 the 
liquid viscosity, and ps  the so-called compressive pressure (La 
Heij, 1994). Equation 1 is derived in the Appendix. The per- 
meability determines the dewatering rate. First, initial and 
boundary conditions have to be known before Eq. 1 can be 
solved. The initial condition for the filtration phase is that 
the porosity of the slurry is constant over the total height. 
During constant pressure filtration, the cake structure at the 
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top of the filter cake remains unchanged. The hydraulic pres- 
sure ( p l )  equals the applied pressure. Therefore, the porosity 
at the top of the filter cake is equal to the unstressed porosity 

In these equations KO and E,, are the permeability and 
porosity at ps  = 0, respectively, and p a  is a reference pres- 
sure. The index indicates that these values are determined 
in an equilibrium situation. The calculated shape of the 

E = E g  x = L ( t )  t > O  ( 2 )  porosity profiles is determined by 6 and A. By applying the 
constitutive Eqs. 8 and 9, Eq. 1 can be solved and the poros- 
ity profiles as a function Of time can be 

In an NMR experiment, the amplitude of the spin-echo 
signal, assuming a single exponential relaxation, and TI % T2,  

which can be seen from the stress balance (Tiller and Yeh, 
1987) 

(3) is given by PI + P s  = P 

If p I  = p ( = applied pressure) then ps  equals zero and the 
porosity equals the unstressed porosity (see also Eq. 9). At 
the filter medium, the solids velocity equals zero and the liq- 
uid flows through the filter medium, which can be considered 
as an incompressible porous medium. Therefore 

where K ,  is the permeability of the filter medium, A x ,  the 
thickness of the filter medium, R ,  the resistance of the filter 
medium, and ApIm the hydraulic pressure drop over the fil- 
ter medium. The initial condition for the expression phase 
will be determined by the porosity profile at the end of the 
filtration phase. Since the velocities of both the liquid and 
the solids are the same at the top of the cake, the Darcy 
equation 

JPI d P s  77 _-  - --E(U1 - UJ 
d X  d x  K 

and thus at the top of the filter cake the derivative of the 
porosity to the distance equals zero (assuming that E is a 
unique function of p s ,  see also Eq. 9) 

6% 

d X  
(6) _ -  - 0  x = L ( t )  t > O  

Commonly, it is assumed that the porosity near the filter 
medium remains constant during constant pressure expres- 
sion (if the filter medium resistance is neglected) 

E=E(ps,,=O) x = o  r > O  (7) 

Secondly, constitutive equations have to be known which pro- 
vide the relation between porosity, permeability, and com- 
pressive pressure. These relations are often determined using 
a compression-permeability cell (Shirato et al., 1968) or by 
fitting methods (Stamatakis and Tien, 1991). The depend- 
ence of the permeability and porosity on the compressive 
pressure is reflected by the so-called compressibility coeffi- 
cients 6 and A, respectively (Tiller et al., 1980) 

- 6  

K,  = KO (1 + ; ) 
- A  

Q= 1+ ;) 
(8) 

(9) 

In this equation p is the proton density, TI the spin-lattice or 
longitudinal relaxation time, T2 the spin-spin or transverse 
relaxation time, TR the repetition time of the spin-echo ex- 
periment, and TE the so-called echo time (Hayashi et al., 
1988). This relation holds for a homogeneous medium, for 
instance, a quartz tube filled with water. In sludges, however, 
the situation is more complicated. For water at the surface of 
a particle, T2 will be decreased by surface relaxation with 
respect to that of free water. In the sludge and the cake, a 
broad distribution of particle and pore sizes is present. This 
will give rise to a distribution of transverse relaxation times, 
which depends on the porosity. For small values of the echo 
time TE, the water at the particle surfaces or in the pores 
(small T2), as well as the free water (larger T2), will con- 
tribute to the spin-echo signal. At large values of TE on the 
other hand, the contribution of free water dominates. Since 
our objective is to determine the porosity profiles quantita- 
tively, it is necessary to calibrate the NMR signal. We will 
return to this point in the next section. 

Materials and Methods 
Sludge samples were taken from the wastewater treatment 

plant in Eindhoven, The Netherlands. The sludge was a mix- 
ture of primary (nonbiochemically treated) and secondary 
(biochemically treated) sludge. The sludges were mixed with 
iron chloride and lime. Iron chloride and lime are flocculants 
and form together with the sludge particles aggregates in or- 
der to increase the permeability. First, the iron chloride is 
added to the sludge (7 wt. %, 100 mL) and is mixed at 1,000 
rpm for 15 s. Thereafter, lime (weight percentage ranging 
from 20 to 50) is added and is mixed at 500 rpm for 60 s. 

The filtration-expression experiments were performed us- 
ing an NMR scanning apparatus of which an extensive de- 
scription is given by Kopinga and Pel (1994). In this appara- 
tus a constant magnetic field of 0.7 T (corresponding to NMR 
frequencies of about 30 MHz) is generated by a conventional 
iron-cored electromagnet. The probe head consists of a small 
filtration-expression cell with an inner diameter of 21 mm. 
This cell is mounted inside a cylindrical coil with an ID of 35 
mm, made of seven turns of Cu wire. This coil forms part of a 
tuned LC circuit and is placed inside a shielded box. 

To obtain a spin-echo signal from which quantitative infor- 
mation can be extracted, the LC circuit is carefully matched 
to the characteristic impedance of our equipment (50 a). 
Moreaver, changes in the dielectric losses or detuning of the 
circuit due to variations of the moisture content of the sam- 
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ple are minimized by a cylindrical Faraday shield, which is 
placed between the coil and the sample. Apart from this, the 
quality factor of the LC circuit has been reduced to (2 = 40 
by adding a small series resistor. 

The NMR spin-echo signal is excited by straightforward 
Hahn pulse sequences. The radio frequency (RF) carrier sig- 
nal is switched on for 18 ps and 36 ps, corresponding to a 90 
and 180 degree flipping angle of the nuclear spins, respec- 
tively. The repetition time TR was chosen at least 4 times as 
large as the spin-lattice relaxation time T I ,  to eliminate the 
effect of TI on the magnitude of the spin-echo signal (see 
Eq. 10). To perform 1-D scans of the material present in the 
filtration-expression cell, magnetic field gradients of 0.3 T/m 
are generated by a set of home built Anderson coils, yielding 
a 1-D resolution better than 1 mm. At a certain carrier fre- 
quency fRF, the nuclear moments in a slice with a thickness 
of about 3 mm are excited. The resulting spin-echo signal is 
digitized and Fourier transformed, yielding an intensity pro- 
file over the thickness of that slice. By changing the carrier 
frequency, slices can be selected over a range of 25 mm. By 
combining the profiles of a sufficient number of adjacent 
slices, the intensity profile over the entire sample can be ob- 
tained. This intensity profile is corrected for geometrical dis- 
tortions such as those arising from the finite length of the 
coil of the LC circuit, with the help of a reference profile, 
measured using a quartz tube filled with water. 

To relate the intensity profile to a porosity profile, a cali- 
bration of the equipment has to be performed. To this end 
various sludges and cakes with uniform porosities were pre- 
pared. The porosity of these calibration samples was deter- 
mined gravimetrically; the resulting data were corrected for 
the contribution of bound water by means of differential 
thermal analysis. The NMR spin-echo signal of these samples 
was measured for a number of different values of TE. The 
results are plotted in Figure 3. For each sample, the data can 
be represented by more or less straight lines. The slope of 
such a line yields the (apparent) relaxation rate 1/T2 of that 
sample. The figure clearly reveals that the relaxation time 
decreases with decreasing porosity. This can be explained by 
the fact that as the porosity decreases, the fraction of free 
water (with a relatively large T,) decreases more rapidly than 
the total water content. 
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Figure 3. Measured NMR signal plotted against the cor- 
responding spin-echo time TE for a fixed repe- 
tition time T, of 450 ms. 

time (ps) 

porosity E (m3 m-3) 

Figure 4. Calibration of the NMR signal. 
The intensity observed for filter cakes with a uniform poros- 
ity, divided by the intensity of a reference sample, is plotted 
against the corresponding porosity. 

The NMR signal is largest at small values of TE, but in this 
region it varies only slightly with the porosity. At large values 
of TE, on the other hand, the signal and hence the signal to 
noise ratio decreases, but the porosity contrast increases. 
Since the samples in our experiments cover only a limited 
range of porosities (variation of less than 15%), the setting 
TE = 1.8 ms was chosen as a (rather arbitrary) compromise 
between signal magnitude and contrast. This setting was fixed 
during all further calibrations and the actual experiments. 

The calibration for TE = 1.8 ms is shown in Figure 4. The 
experimental data (solid triangles) have an uncertainty of 
0.005 and 0.015 along the horizontal and vertical axis, respec- 
tively. The dashed curve is a least-squares fit to the data and 
is used as a calibration. It is obvious that the NMR signal 
increases more rapidly than the porosity. This is caused by 
the facts that at TE = 1.8 ms the signal arising from a certain 
amount of free water is larger than the signal arising from 
the same amount of water in pores or at particle surfaces, 
and that the fraction of free water increases at higher porosi- 
ties. As such, this nonlinear relation is directly connected to 
the change of the apparent T2 value with porosity presented 
in Figure 3. 

With respect to the accuracy of the calibration, one should 
note that it does not permit an NMR measurement of the 
porosity with an absolute accuracy better than 1%, but sub- 
stantially smaller changes in the porosity can be detected un- 
ambiguously. Measurements in which TR was varied revealed 
that for sludge flocculated with iron chloride/lime TI was 
about 70 ms, which is substantially smaller than the longitudi- 
nal relaxation time in pure water, and should be attributed to 
the presence of dissolved iron. From an experimental point 
of view, a small value of TI is favorable, since the repetition 
time TR can be relatively short and the porosity profiles can 
be measured quickly. 

Results and Discussion 
In Figure 5 an example of the experimentally determined 

porosity profiles is given for flocculated sludge (7 wt. % iron 

956 April 1996 Vol. 42, No. 4 AIChE Journal 



0.98 I I 

0.83 
0 4 8 12 16 20 24 

distance in filter cake (mm) 

Figure 5. Porosity profiles in the filter cake as deter- 
mined for sludge flocculated with 7 wt. % iron 
chloride and 20 wt. % lime on dry solids ba- 
sis. 
The time between the subsequent profiles is 160 s. Total 
time of experiment is 180 min. Boundary condition (applied 
pressure) p = 100 kPa; 9 = l .103 Pa.s; q =  0.97 (with floc- 
culant); es, = 0.98 (without flocculant). 

chloride and 20 wt. % lime on dry solids basis). The distance 
in the filter cake is measured from the filter medium. The 
time between the subsequent profiles is 160 s; a lower limit 
to this time is set by the desired signal-to-noise ratio. The 
total duration of this experiment was two-and-a-half hours. 
Comparing Figures 2 and 5 clearly demonstrates that it is 
possible to measure porosity profiles in a sludge cake by use 
of NMR imaging. At the beginning of the experiment, a uni- 
form porosity is present; the filter cell is completely filled 
with the sludge slurry. Then quite rapidly a certain porosity 
gradient develops, which slowly disappears during the expres- 
sion phase, resulting finally in an almost uniform porosity. 
This is roughly in agreement with the theoretical assump- 
tions, illustrated in Figure 1. In Figure 6 calculated porosity 
profiles for the expression phase are given. The time between 
the subsequent profiles is again 160 s. The profiles do not 
end at 0.97 (e0) in this figure, because the initial cake had a 
thickness of 150 mm at the start of the expression phase, 
which is outside the figure. The constitutive parameters (de- 
termined by means of the compression-permeability cell) used 
in these calculations are: K O  = 3 . 0 ~  e0 = 0.97; 6 = 1.8; 
A = 0.15. (These values were determined by plotting the com- 
pressive pressure vs. the measured porosity and permeability 
on a log-log plot. The slopes will give the values of A and 6, 
and the axis cut-off the values of KO and e0. The exact value 
of these last two parameters is, however, difficult to deter- 
mine, because a different value of pa  (see Eqs. 8 and 9) gives 
another axis cutoff. The values of these parameters can be 
estimated from simulations and experiments, i.e., filtrate vol- 
ume vs. time.) Since it is the purpose of the study reported 
here to observe whether or not qualitative differences occur 
between theory and measurement, rather than to minimize 
the quantitative deviation between measured and calculated 
profiles by adjusting the various parameter values, we pre- 
ferred to plot the calculated and measured profiles in differ- 
ent figures. A comparison of the measured and calculated 
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Figure 6. Numerically calculated porosity profiles as a 
function of time for the expression phase. 
Boundaly condition p = 100 kPa; time between the subse- 
quent profiles is 160 s KO = 3 . 0 X  mz, E,, = 0.97, p a  = 

1,000 Pa, S = 1.8, A = 0.15. 

porosity profiles (Figures 5 and 6, respectively) reveals sev- 
eral interesting features: 

(1) According to the experiments, the porosity near the fil- 
ter medium ( x  = 0) does not rapidly decrease to the equilib- 
rium porosity G, but varies during both the filtration and the 
expression phase. The resistance of the filter medium ( R , )  is 
thus higher than expected, which may indicate that clogging 
occurs. By only measuring the filtrate volume, this effect will 
not be detected. 

(2) According to the calculations, subsequent profiles are 
almost equidistant at the beginning of the expression phase. 
According to the experiments a retardation occurs: the pro- 
files hardly change during certain time intervals. This is more 
clearly seen in Figure 7, where the porosity vs. time is plotted 
for two positions in the cake. After a certain time ( ~ 3 , 2 0 0  s 
in this case), the rate at which the porosity decreases sud- 
denly increases again. This phenomenon was observed both 
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Figure 7. Decrease of the local porosity at two posi- 

tions in the filter cake (2 mm (dots) and 9 mm 
(triangles), measured the from filter medium) 
plotted against the time. 
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with and without a piston, which means that this retardation 
is not caused by friction between the piston and the wall. 
This retardation was not observed by only measuring the av- 
erage decrease of the porosity (determined from the average 
mass of the cake) and cannot be described by the model dis- 
cussed above. 

(3) There is no sharp traysition (discontinuity) visible be- 
tween the porosity of the slurry and that of the filter cake, as 
is theoretically assumed (see Figure 2, difference E ~ ,  - e0). 
This indicates that the difference between the porosity of the 
slurry ( E , , )  and the porosity at the top of the filter cake ( E , , )  
must be very small. Although the value of the porosity of the 
slurry can be calculated, the unstressed porosity cannot ex- 
actly be determined, as discussed above. The NMR appara- 
tus could be an interesting apparatus to determine this value. 
Although it is not possible to carry out an NMR experiment 
with an absolute accuracy better than 1%, smaller changes 
and certainly a step in porosity can be detected, since the 
calibration curve is monotonically rising (Figure 4). However, 
no discontinuity was visible; therefore, the difference be- 
tween the values of E,, and e0 must be smaller than 0.01, 
assuming that the theoretical concept of a discontinuity is 
right. This small difference was also confirmed by measure- 
ments carried out with the compression-permeability cell (La 
Heij, 1994). 

In Figures 8 and 9 experimentally determined porosity pro- 
files are shown as a function of time for two different applied 
pressures. In this case the sludge was flocculated with 7 wt. 
% iron chloride and 50 wt. % lime, which results in a higher 
permeability and a lower compressibility (lower values for 6 
and A). The time between the subsequent profiles is again 
160 s. The behavior of the porosity profiles as a function of 
time is almost exactly the same for the two different pres- 
sures. Only the final equilibrium porosity E, (see Figure 2) is 
lower and thus the final cake thickness is smaller for a higher 
applied pressure. This is in agreement with the filtration-ex- 
pressed model. It is also clear that, compared to the experi- 
mental profiles shown in Figure 5, not only is the total dewa- 
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Figure 9. Porosity profiles in the filter cake as deter- 

mined for sludge flocculated with 7 wt. % iron 
chloride and 50 wt. % lime on dry solids base. 
The  time between the subsequent profiles is 160 s. Total 
time of experiment is 40 min. Boundary condition (applied 
pressure) p = 100 kPa, w = l .103 Pa.s, E,/ = 0.97 (with floc- 
culant), err = 0.98 (without flocculant). 

tering time shorter (higher permeability), but also the slopes 
of the porosity profiles are less steep. This is caused by the 
lower compressibility, which reveals that effects of compress- 
ibility can be determined by use of NMR imaging as well. 

As stated above, the filter medium resistance R ,  is higher 
than expected, which may indicate clogging. However, the 
observed porosity decreases to the equilibrium porosity in 
contrast to the results of model calculations in which an in- 
crease of the filter medium resistance with time (clogging) is 
included. These calculations predict a liquid pressure drop 
over the filter medium Ap,,, and a porosity near the filter 
medium that is higher than the equilibrium porosity E,. Obvi- 
ously, the decrease of the porosity near the filter medium 
during the expression phase must be determined experimen- 
tally. 

We like to note that the qualitative deviations between the 
calculated and the measured profiles (Figures 5 and 6) can 
also be caused by the fact that the concept of compressibility 
coefficients (Eqs. 8 and 91, which determine the shape of the 
calculated porosity profiles, is too simple. This indicates that 
it is probably better to determine the constitutive equations 
from the experimental porosity profiles. However, more re- 
search is needed to confirm this hypothesis. 

Conclusions 
Using NMR scanning, quantitative porosity profiles were 

measured for the first time during filtration and expression of 
solid-liquid mixtures. The potential applications of this tech- 
nique are very diverse, such as checking the constitutive pa- 
rameters or boundary conditions. Calibration measurements 
on samples with uniform porosity profiles revealed that for 
an echo time of 1,800 p s  a good porosity contrast could be 
obtained. The nonlinear relation between NMR intensity and 
porosity is related to the increasing fraction of free water at 
higher porosities. 

distance in filter cake (mm) 

Porosity profiles in the filter cake as deter- 
mined for sludge flocculated with 7 iron 
chloride and 50 wt. % lime on dry solids base. - -  
The time bemeen the subsequent profiles is 160 s; total time From the measured profiles during filtration and expres- 
sure) = kpa, = 1,103 Pa.s, = o,97 (with flocculant), sion, it can be concluded that the resistance of the filter 
tsl = 0.98 (without flocculant). medium is higher than theoretically expected. Probably some 

of experiment is 56 min. Boundary condition (applied pres- 

April 1996 Vol. 42, No. 4 AIChE Journal 



clogging occurs and the porosity near the filter medium varies 
during both the filtration and expression phase. To deter- 
mine the constitutive equations, measurements and calcula- 
tions of porosity profiles of materials with different compres- 
sion characteristics form an interesting extension of this work. 
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Notation 
K =permeability, m2 

K ,  =permeability of filter medium, m2 
KO =permeability at ps = 0, m2 
K, =equilibrium permeability, m2 
p =applied filtration-expression pressure, Pa 

po =reference pressure, Pa 

ps  =compressive pressure, Pa 

q, =superficial liquid velocity, m.s-’ 

Aprm =hydraulic pressure drop over filter medium, Pa 

ps.,= =compressive pressure near filter medium, Pa 

RF =radio frequency, Hz 
R, =resistance filter medium, m-l 

S = NMR signal 
TI =longitudinal relaxation time, s 
T2 =transverse relaxation time, s 
T, =echo time, s 
TR =repetition time, s 

or =averaged liquid pore velocity, m-s-’ 
us =averaged solids pore velocity, m.s-’ 

A x ,  =thickness of filter medium, m 

Greek letters 
6 =compressibility coefficient 
E =porosity, m3 m-3 

c0 =porosity at ps = 0, m3 m-3 
E, =equilibrium porosity, m3 m-3 
TJ =viscosity liquid, Pa.s 
A =compressibility coefficient 
p =proton density, m-3 
o =solids volume in cake per unit cross sectional area, m 
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Appendix: Derivation of Eq. 1 
The partial differential equation describing the change of 

the porosity in time and place is derived from three basic 
equations: the Darcy equation, a mass balance, and a force 
balance. The Darcy equation is 

1 K dPI 
u, - us = - - - + p , g  

e n ( d x  1 
where u, and us are the local averaged pore velocities of re- 
spectively the liquid and the solids. A mass balance between 
an arbitrary point at distance x and x + dr in the filter cake 
leads to the following continuity equation for the liquid phase 

(%)*=(3 
where qr is the superficial liquid velocity. A simple force bal- 
ance leads to the relation between the hydraulic pressure p I  
and the compressive pressure p ,  

Combination of Eqs. Al, A2, and A3 leads to the partial dif- 
ferential equation describing the change of the porosity in 
time and place in a filter cake 

(A4) 

Since during filtration a filter cake builds up, dimensionless 
coordinates [x /L( t ) ]  can be used and a moving boundary 
(Stamatakis and Tien, 1991.) has to be applied to solve Eq. 
A4. During expression, the amount of solids remains con- 
stant and therefore solid-based coordinates can be used (La 
Heij, 1994) 

dCU=(l-E)dY 

By introducing Eq. A5 and neglecting gravity effects (which is 
debatable at low applied pressures), Eq. A4 will change into 
Eq. 1. 
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